Abstract. In this note, we compute the order and provide the structure of the unit group U(F D 2p m ) of the group algebra F D 2p m , where F is a finite field of characteristic 2 and D 2p m is the dihedral group of order 2p m such that p is an odd prime. Further, we obtain
G to the group algebra, we obtain the involution
of F G, which we call canonical involution and is denoted by * . An Sandling [4] computed a basis for the normalized unit group V (F G),
if G is a finite abelian p-group and F is a finite field with p elements.
In [5] Sandling provided the generators and relators for each 2-group of order dividing 16 over finite field with 2 elements. Creedon and Gildea in [1] obtained the structure of V (F D 8 ), where D 8 is a dihedral group of order 8 and F is a finite field of characteristic 2. In [2] , Kuldeep and
Manju described the structure of the unit group U(F 2 D 2p ), where F 2 is the finite field with two elements and D 2p is the dihedral group of order 2p for an odd prime p. They also computed the order and provided the structure of the unitary subgroup U * (F 2 D 2p ) with respect to canonical involution * .
Our goal here is to study the structure of the unit group U(F D where p is an odd prime over a finite field F of characteristic 2. We also provide the structure of the unitary subgroup U * (F D 2p m ).
Throughout the paper, we assume that F is a field with 2 n elements.
The polynomial x p m − 1 can be written as 
is a minimal polynomial of α over F and therefore, it is an irreducible factor of φ p s (x) over F .
Unit Group of F D 2p m
In this section, we provide the order of the unit group U(F D 2p m ).
Assume that o p (2 n ) = d. Clearly, p and d are relatively prime and
1 mod p i , it follows that (2 n ) dp = 1 mod p i+1 . Therefore, t|pd. Hence,
Proof. Let o p i+2 (2 n ) be t. Then, it is clear that pd|t and d|t. Further,
Hence
In a similar way one can prove for any integer
a primitive p m -th root of unity, then ζ j and ζ −j are roots of the same irreducible polynomial over F if and only if 2|d.
Proof. First, assume that ζ j and ζ −j are roots of the same irreducible polynomial over F . If j = kp r , (k, p) = 1, then it is clear that ζ j is primitive p m−r -th root of unity. Therefore, ζ j and ζ −j are roots of
As (2, p) = 1, we obtain that d is even.
To prove the converse part, it is enough to show that if d is even then there exists an integer t such that −1 ≡ (2 n ) t mod p m−r for any
, and if d is odd, then
, then there exists a polynomial of degree 2s < o m−j satisfied by ζ p j , which is a contradiction. Therefore
or o m−j . Now, if d is even, then, by lemma (3), there is a polynomial of degree o m−j − 1 over F satisfied
Theorem 5. Let D 2p m be the dihedral group
γ 2 denote roots of distinct irreducible factors of φ p j (x) over F , then
are roots of the same irreducible factors of φ p j+1 (x) then there exists t such that Choose γ 1j as a root of the irreducible factor f j,p (x) of φ p (x), where
Since the number of irreducible factors of φ p 2 (x) is k 2 = pk 1 , without loss of generality,
If γ rs denotes the root of the irreducible factor f s,p r (x) of φ p r (x) for
where γ
(1) rs = γ rs .
Since
. . .
by the assignment
T rs , the direct sum of the given T rs , the direct sum of all distinct matrix representations. Therefore, the map
is a group homomorphism, where k
By extending this group homomorphism linearly over F , we obtain an algebra homomorphism
Consider the matrix representation S rs of D 2p m defined as follows:
implies that
and γ rs , γ
over F . It follows that irreducible factors of φ p r (x) are factors of g(x) and h(x) for all 1 ≤ r ≤ m. Further, since the irreducible factors φ p r (x) are co-prime, it follows that
g(x) and h(x), i.e., 1 + x + x 2 + · · · + x p m −1 divides g(x) and h(x), and hence α i = α j , and β i = β j , 0 ≤ i, j ≤ p m − 1. Thus, from equation (1),
Note that F D 2p m is a nilpotent ideal and hence T ′ induces an epimor-
rs )) such that
and hence the result follows.
Structure of The Unitary Subgroup
In this section, we study the structure of the unitary subgroup
with respect to canonical involution * . We also prove that the unit group U(F D 2p m ) is the direct product of the unitary subgroup with a central subgroup.
Let f (x) be a monic irreducible polynomial of degree n over F 2 such that F ∼ = F 2 [x]/ f (x) and let α be the residue class of x modulo f (x) .
Let us define the set B as follows:
The following theorem provides the structure of this group.
rs )), where SL 2 (K) is the special linear group of degree 2 over the field K.
We will need the following results: 
where It is known that 
then U rs can be written as U rs = e 0 e 1 · · · e k , where e h is an element of m t=1
tj )) such that the component e h (t,j) of e h corresponding to the matrix representation T tj is
. Now we will prove that the preimage of e h is in B (F D 2p m ) under the map T ′′′ .
If a h = 0, then it is clear that the preimage of e h is in B (F D 2p m ) . If
tj )), such that the component M tj corresponding to the matrix representation T tj is
where
Hence,
which is a product of the elements of B. Next, if b
Further, since D 2p m ∈ kerT ′ , therefore
is an element of T ′′ (B (F D 2p m ) ). Then, e h has a preimage in B(F D 2p m ).
in a similar way, one can prove for other generators as well. Hence 
x rs × x , where
x and x rs are invertible elements in the center of the group algebra 
